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Abstract 
For the aerospace applications, U-type pulse tube cryocoolers (UPTC) can improve the temperature uniformity and the structure 
stability of the cold end. However, the influence of the cold end connecting tube on the performance of a UPTC is inevitable and
the mechanism of the influence hasn’t been well understood. A simplified model of the cold end of a UPTC is developed in this 
study. With this model, the periodical thermodynamic processes and movement of the gas parcels are achieved. With the 
thermodynamic properties of the gas parcels, the influence of the cold end connecting tube is analyzed and quantified. The results 
demonstrate the disadvantageous influence of the cold end connecting tube on a UPTC. Moreover, the critical length of the cold 
end connecting tube is mentioned for a UPTC. Within the critical length, the influence of the cold end connecting tube is 
discussed from several aspects such as the length, the heat convection, the temperature difference.  
© 2014 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Pulse tube cryocooler (PTC) can be classified to a linear type pulse tube cryocooler (LPTC), a co-axial type pulse 
tube cryocooler (CPTC) and a U-type cryocooler (UPTC) stated by Radebaugh R.[1]. Different from an LPTC and a 
CPTC, a UPTC has two cold end heat exchangers to provide two cooling sources and supporting points for the 
thermal load. Consequently, the applications of a UPTC can improve the temperature uniformity and structural 
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stability of the cold end which are very meaningful in aerospace applications especially for the big cooling platform.  
Nevertheless, according to some experimental researches, the performance of a UPTC is worse than an LPTC 
with the same condition investigated by Charles, et al [2]. The influence of the cold end connecting tube on a UPTC 
is worth to be discussed. Some previous researches put down the performance degradation of a UPTC to the flow 
resistance of the cold end connecting tube. Since Lagrangain viewpoint is a feasible way to know the 
thermodynamic process of the gas parcels stated by Liang., et al [3][4]. In this paper, a simplified model of the cold 
end of a UPTC is developed based on Lagrangian viewpoint. With this model, the periodical thermodynamic 
processes of the gas parcels are obtained. In this way, the influence of the cold end connecting tube is analysed and 
quantified with the thermodynamic properties of the gas parcels. 
 (
Nomenclature 
ܲ              pressure () Greek letters 
ሶ݉              mass flow rate ( ή ݏିଵ)               ߬              working cycle of the UPTC (s)
ܶ             temperature ()                               ݊              polytropic compression index
ܳ              heat transfer ()                            ߴ              phase shift (degree)  
ܯ             mass (kg) ߱              angular velocity(rad/s)
ܸ             volume (ଷ)                                          Subscripts 
ܴ௚            gas constant value ( ή ିଵ ή ିଵ) ܽݒ              average
ܿ              heat capacity ( ή ିଵ ή ିଵ) ܽ                 amplitude 
ݐ               time (s)  ݌ݐ               pulse tube 
ܰ             numbers of time periods CECT         the cold end connecting tube
οݐ            the length of one time period ݄                 hot-end of the PTC 
ܿͳ               cold end heat exchanger on the regenerator
ܿʹ               cold end heat exchanger on the pulse tube 
2.  Model of the cold end of a UPTC 
As shown in Fig. 1, the cold end of a UPTC consists of a cold end heat exchanger 1 (CHEX1), a cold end 
connecting tube (CECT), a cold end heat exchanger 2 (CHEX2). The time point ݐ଴ is chosen as the beginning of the 
calculation. According to the position at the time ݐ଴, the gas involved in this model includes two parts as shown in 
Fig. 1. The first part is the gas in the regenerator on the left of the CHEX1 while the second part is the gas in the 
CECT. The following calculation is to achieve the thermodynamic processes of these gas parcels during a cycle. 
Fig. 1. the simplified model of a UPTC
Supposing the pressure in the CECT, the pulse tube, and the cold end heat exchangers are equal all the time. It 
can be described by Eq. (1) and the mass flow rate at the hot-end of the pulse tube is given by Eq. (2). The heat 
exchangers are considered to be ideal and the temperature of CHEX1, CHEX2, HHEX is kept constant at 
௖ܶଵ, ௖ܶଶ, ௛ܶ. According to the energy conservation equations in the pulse tube and the connecting tube, the mass 
flow rate at the CHEX2 and the CHEX1 are given by Eq. (3) and Eq. (4).  
ܲ ൌ ௔ܲ௩ ൅ ௔ܲ כ ݏ݅݊ሺ߱ݐሻ ሺͳሻ
 ሶ݉ ௛ ൌ ሶ݉ ௛̴௔ כ ݏ݅݊ሺ߱ݐ ൅ ߴ௛ሻ ሺʹሻ
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Firstly, the first half cycle is divided into N equal time periods. The starting point of these time periods are 
ݐ଴,ݐଵ,ݐଶ,ݐ௜,ݐ௜ାଵ...ݐேିଵ. The gas in part 1 flowing through CHEX1 from ݐ௜ to ݐ௜ାଵis defined as ܥ̴݅. In the same way, 
the gas in part 2 flowing through CHEX2 from ݐ௜ to ݐ௜ାଵis defined as ܦ̴݅. Therefore, the mass of the ܥ̴݅ and ܦ̴݅
can be defined by Eq. (5). Introducing Eq. (1)-(4) to Eq. (5), the mass of ܥ̴݅ and ܦ̴݅ is given by Eq. (6) and Eq. (7). 
The phase shift between the mass flow rate and pressure at the two cold end heat exchangers are given by Eq. (8). 
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According Eq. (6) and Eq. (7), the mass of the gas parcels of different time periods are also sinusoidal. Supposing 
the gas parcels are at their leftmost position at the time ݐ଴. If the proper starting time ݐ଴ is chosen, all the gas parcels 
in part 1 move towards right from ݐ଴ to ݐ଴ ൅ ߬Ȁʹ. And then in the following half cycle, these gas parcels move back 
to the left. According to the results in Eq. (8), the phase angle at the CHEX2 is bigger than that at the HHEX while it 
is smaller than that at the CHEX1.This result verifies the capacitive of the CECT and the pulse tube. 
In this model, if the CECT is long enough, ܥ̴Ͳ can’t reach the CHEX2 at the time (ݐ଴ ൅ ߬Ȁʹሻ. Under this 
condition, there will be some gas called as piston gas acting as a piston between the gas in part 1 and part 2. As the 
piston gas never goes through the two cold end heat exchangers, it doesn’t have any refrigeration effect. On the 
contrary, If ܥ̴Ͳ reaches the CHEX2 during the time ݐ଴ to (ݐ଴ ൅ ߬Ȁʹሻ, there will be no piston gas in the CECT. 
Therefore, whether there is piston gas depends on the length of the CECT. In this work, the biggest length for no 
piston gas in the CECT is defined as the critical length. 
The working fluid helium is considered to be ideal gas. The thermodynamic processes of the gas parcels in the 
pulse tube and the CECT are supposed to be reversible. Eq. (9) is used to describe the relationship of the 
thermodynamic properties of the gas parcels between two continuous time periods. Consequently, the properties of 
the gas parcels can be obtained at any time period of the cycle. The heat transfer between the gas parcels and the 
heat exchangers  ܳ௜ can be given by Eq. (10). The summary of  ܳ௜ are the heat absorbed (released) from the two 
cold end heat exchangers in a cycle. Therefore, the cooling power of the UPTC is equal to the summary of ܳ௜
multiplied by the frequency. 
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Table 1 shows the parameters of the UPTC which are consistent with the UPTC designed by our lab. All the 
calculation is executed by the C program in VC 6.0. In the following paper, every research involves only one 
variable which means the value of the remaining parameters are kept at the value listed in table 1.  
Table 1. Parameters of the UPTC. 
Length of the CECT ܮ஼ா஼் 0.02 m 
Length of the pulse tube ܮ௣௧ 0.07 m 
Length of the regenerator ܮ௥௚ 0.07 m 
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Inner diameter of the regenerator ܦ௥௚ 0.018 m 
Inner diameter of the CECT ܦ஼ா஼் 0.002 m 
Inner diameter of the pulse tube ܦ௣௧ 0.009 m 
Amplitude of mass flow rate at the hot-end of pulse tube ሶ݉ ௛̴௔ 5.38*10-4 kg/s 
Phase shift at the hot-end of the pulse tube ߴ௛ െͷʹǤʹ଴
Charge pressure ௔ܲ௩ 3.7 MPa 
Dynamic pressure amplitude ௔ܲ 0.2 MPa 
Frequency ݂ 50 Hz 
Temperature of CHEX1 ௖ܶଵ 80 K 
Temperature of CHEX2 ௖ܶଶ 80 K 
Temperature of  HHEX ୦ 300 K 
3. Results and analysis 
3.1. The influences of some main working parameters for different length of the CECT 
As sated above, if the length of the CECT is bigger than the critical length, there will be some piston gas existing 
between the gas in part 1 and the gas in part 2. The gas in part 1 and part 2 will flow through the CHEX1 and 
CHEX2 separately. Under this condition, the influence of the CECT is more about the pressure drop or the change 
of the phase shift rather the mutual influence between the two cold end heat exchangers.  
Obviously, the critical length has great relationship with the working parameters such as the charge pressure, 
dynamic pressure amplitude, frequency and so on. According to the calculation results, for the most of the 
applications of the UPTC, the length of the CECT is smaller than the critical length. So, the following research will 
focus on the CECT within the critical length. 
In Fig. 2, the total cooling power keeps decreasing with the increase of the charge pressure while the increase of 
the dynamic pressure amplitude leads to the increase of the total cooling power. The results demonstrate that higher 
pressure ratio is good for the increase of the total cooling power because of the increase of the temperature 
fluctuation.  
Fig. 3a shows lower frequency will benefit for the total cooling power. Fig. 3b displays the total cooling power 
with the change of phase shift at the hot end of the pulse tube. The results illustrate that for the different length of 
the CECT, the influences of these parameters have the same tendency. Among these parameters shown in Figs. 2 
and 3, the total cooling power is most sensitive to the phase shift. Compared with the results of different length of 
the CECT, the CECT really has disadvantageous influence on the performance of the UPTC. With the increase of 
the length of the CECT, the performance degradation becomes more and more severe. 
                 
Fig. 2 (a) cooling power vs. charge pressure; (b) cooling power vs. dynamic pressure amplitude. 
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Fig. 3(a) cooling power vs. frequency; (b) cooling power vs. phase shift at the hot end of the pulse tube. 
3.2. Research on the influence of the CECT. 
In the last part, the influence of the CECT has been demonstrated. In this part, some further research will be done 
on the influence of the CECT. In Fig. 4a, when the length of the CECT increases from 0 m to the critical length 0.12 
m the total cooling power decreases about 10%. This result is consistent with the results showed in Figs. 2 and 3. 
Looking into the cooling power at the two cold end heat exchangers separately, the cooling power at the CHEX1 
keeps increasing while the cooling power at the CHEX2 keeps decreasing.  
The existence of the CECT changes the thermodynamic processes of some gas parcels in part 1. These gas 
parcels absorb (release) heat twice from the two cold end heat exchangers. This kind of change makes part of PV 
work offset the cooling power. So the total cooling power is diminished. Since how many gas parcels in part 1can 
flow through the CHEX2 mainly depends on the length of the CECT, the length of the CECT influences the amount 
of the heat absorbed (released) by the gas parcels. So, the CECT plays an important role on the distribution of the 
cooling power. Therefore, for applications, it is necessary to take account of the distribution of the thermal load 
between the two cold end heat exchangers to fit for their cooling power according to the length of the CECT. In this 
way, the heat flux between the cold end heat exchangers can be diminished to decrease the heat loss. 
In Fig. 4b, the increase of the polytropic compression index means the thermodynamic processes change from 
isothermal processes to adiabatic processes.  The changes of the cooling power at the CHEX1 and the CHEX2 are 
opposite and the total cooling power decreases. The results imply that the heat convection between the gas and the 
CECT is beneficial for the improvement of the cooling power in a UPTC. 
               
Fig. 4.  (a) cooling power vs. the length of the CECT; (b) cooling power vs. the polytropic compression factor.  
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Fig. 5. (a) cooling power vs.ୡଵ; (b) cooling power vs. ୡଶ.
For applications, temperature difference appears between the two heat exchangers as well as the heat flux. Fig. 5 
showed the influence of the temperature difference between the two cold end heat exchangers. In Fig. 5, the total 
cooling power will increase if ௖ܶଶ is bigger than ௖ܶଵ. If ௖ܶଶ is smaller than ௖ܶଵ, the result is just the opposite. In other 
word, total cooling power tend to increase with the increase of the value ௖ܶଶminus ௖ܶଵ . So, this result also shows 
the importance of the distribution of the thermal load in a UPTC. 
4. Conclusion  
Based on lagrangian viewpoint, a simplified model of the cold end of a UPTC is developed. With this model, the 
influence of the cold end connecting tube is analysed. According to the results and our analysis, the following 
conclusions can be obtained:   
(a) The critical length of the CECT has great relationship with the working parameters. For the most of the 
applications of a UPTC, the CECT is within the critical length. 
(b) The CECT has disadvantageous influences on the performance of a UPTC. The influence becomes more 
and more severe with the increase of the length of the CECT.  
(c) The CECT has significant influence on the distribution of the cooling power between the two cold end heat 
exchangers. With the increase of length of the CECT, more and more cooling power transfers from the 
CHEX 2 to the CHEX1.  
(d) The heat convection between the gas and the CECT is beneficial for the improvement of the UPTC’s 
performance. The total cooling power tend to increase with the increase of the value that ௖ܶଶ minus ௖ܶଵ.
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